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She   theory   of  linear  operators  ana  -thotr  spec  era  has 
emerged  from  general  izing    too  problem   of  principal   r.xes 
of    quad  re.  cic  forms.      Lot  ? 

xQx  •   q11x1      •   £q12xlXg  •  q£2z2 

bo   C   quadratic  form,    xQx  ■   1  -a  qucdric    in   the    (x>,:Cg)- 
pl&ea,    then   the  problem  is   to  find  a  now   system,  of   rect- 
angular coordinates  (a    .an)    such    that 

xQx  ■   ax  /^*    •   ifi*Mj 


*J 


+     X, 


°1 


^ 


re    then   the   semi-axes  of- tho  quadric. 
-A  first  general  tzc  c  i  no     oi    ch  i  s  probloa  «C  s  E  ilbe  r'c '  s 
theory   of  qa.vd ratio  foras    Is    ini  in icely  utnj   vrru-tlos 
l19G6),   v/i  ch   tip  lleCvtrn    ce    intogral  -oquat  ions.    Gilbert's 
theory  wca  also  formula coa    i.. -terms   of    infinite   matrices.  - 
Infinite   matrices  were   later   on  basie-in      the  -quantum  theo- 
ry   of  Keisonberg   (1925);    they   wore,  -however,    of   an  essent- 
ially more  general   chare  tor   than   chose   that   could  bo 
treated  by  Hilbor~!s   theory. 

Quito   a  different    class  of  problems    in   analysis  present 
strong  analogies   to   cho  problem   of  principal   axes  of   quad- 
ra cic  forms;   namely,    the  problems  concerning  characteristic 
values   of  differential   equations  and    the    connec:od  a^pans- 
ions  of    tho    typa   of -Fourier's  series  and   Fourier's   inte- 
gral,    A   topical   problem   of    tbl-'   class    ean  be   formula  tod  as 
follows:   Wo    take    tho  differential   equacion   -  — -x.ci  s) '•  X  x(  s) , 

where  \  -is  a   value    to  bo  decorainol,    and   consider   two 
classes   of   admitted   functions. 


k 
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-    1.    We   roscriet    3    to   the    range   0  <     s  <  1   RBd    lopoao   the 
boundary   condition  x(0)   =  x(i)   *  0.      Snon  the   solutions  arc 
x  =  u   (s)    a   2~1//2sin  »*  s,  n  -     1,2,3,... 

A  =  A  n        =*  n2  7r  ?  "Gigon-vrluos1* 

'Vifch     horn  we  hr.vo    the   expansions. 


ads)-    Esnun(s):  J:ds)2us-    E^an2 

0 

-      ihe  firsc   expansion- is   simply   a -Fourier  oorios.      i'he -latter 
two   formulas  pro  sen  c  r.n  o'~viou3  analogy   to    fcke   reduction  of 
quadratic  forms   to  principal   ^>s.      The   sot   of -values   jWs  celled 
the    spectrum   of        d_   |    in  particular    it    is  f    point    spectrum 

■    -    .:.Z*f 

ttioB    it   const-.es  of  discrete   points  on   the  ^     -a.cis. 
-2.      .Secondly  we   restrict   s  to    the   range   0<   s  <°°   end 
impose -as  boundary   condition   only   x(0)    -   0.    1'hen    the 
solutions  arc 

x(  s)    =   Ua(s)    *    (vi^y       sin^s, 
7/horc  ^    runs  over  the     ontiro   range  0  <M-  <ce>      ^      -    \      «    ^ 
and   we  have    the  •expansions 

x(s)    =     (     a^   uj(a)da;        j^(s)2ds  =      (^  2di^ 

I'ho   first   expansion    is  nothing  but   a  Fourier-lr, cogr  1. 

In  this   case  where    cbe    characteristic  values   run   over 
a    continuous   ran. -e   d>  5  X  <  **>  »    the  -  s.  ec  crura    is    termed 
"continuous".       It    is    interesting   to  no  to    that -hero 
the   characteristic  functions   themselves  arc   no t . roprescntable 
because    the    integral  f *m  ■*[  s)dc    is   infinite-  a   point  which  was 
left    in  obscurity   for  some   time. 
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The   classical    apA  1  i ca t  i on   fli   ..robloms  of    the  preceding 
typo    is   tart    to  natural  vibrations  of  elastic  media,      in 
1926   3chrodinger  caused   quite   •    stir  when  ho   presented 
his  quantum    theory   based    on  differential   equations   of  a 
similar   though  more    complicated    ty.a.      Although   ..chr'ddinger 
himself    showed    the   formal    identity    of  hes  and   He i sonfc o rg '  s 
theory,   a   complete-  mathematical    theory   of  which 
all    the  mentioned   thoorios  arc -special   cases,-  was  lacking. 

It   was   the    cocisive  merit    of  v. Neumann    to  have  broken 
the  mathematical  deadlock.      Ho  discovered   that -this     dead- 
lock was  duo- to    the  use   of  a  wrong  system  of  concepts 
and  ho  dovelopod   an -appropriate  new  system   of    concept's. 
Using   it,    ho   and    o'cono    (1929)    derived   a  general    theory    - 
of   s_.ee tral   resolution.      It    is  true,   von  Neumann  end    dto&e 
did  not    show   that    the   .1  if f erontial  equation  pro- 
blems of  quantum  mechanics  fall  under  their 
general    theory;-    to    show   this  has  loon 

one   of   my   personal  -  interests.    21) 0  decisive-  ste.,,    however, 
was    che  discrvory    of    che    right    system   of    ccr.co,  ts 

by   v. Neumann.       -ocrr.ng  ly    enough,    physicists  have  a_  ..arently   failed 
to   a_;procia  to  -von  Neumann  *  a  work   sufficiently.      Shis  lack 
of  appreciation  may  partly   be-due   to    the  fact    that   7. Neumann's 
system   is-the   right    one  for  formulating   the  Principles  of  quantum 
theory  *   not,    however,    the   right   one  for  actually   calculating 
solutions   of    special    _roblems. 

Quadratic  forms  Differential  equations 

Infinite  matricss  Hilfcort  Fourier   series 

Integral    equations     1906  Fourier    integral 

Quantum  theory  Heisonborg  1925  Quantum  thoory    .-Sob  rod  inger 

1927 
Operators   in  Eilbort    spaces 

v.  -Neumann  1927/29 

-    ..tone   1929- 

In    chis  course  I  do  not -want    to  derive  methods  for 

actually  -coleulat  ing   solutions  of   special   characteristic 

value  protlemsr        On   the  other  hand   I  do  Dot   want   to  derive 

the  abstract    concepts  of  von  Neumann   in   their  full   generality. 

Rather   I-sish    to  derive   them  gradually    in    immediate 

connection  with    siecial  problems,    in  particular, 

differencial   equation  problems;    and    I  want    to -Show  how  naturally 

all   existence,    completeness  and    -;:.c_.an3i  :n    theorems  result   from  a 

general    theory. 
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Li  teraturo     von  Neumann,   Lie  thcma tische   Grundlagen  der 
iuantonmeehanik.    1932 

otone  ,  Linear  'fransf  ormations  in  Hilbert 
opace,    1932 

Chapter  !•    oxJSee   of   finite   dimension. 
.Space   of   vectors     x  =^Xj_, Xp, . .  •  ,5^1  ; 

length    jx|  =   (x,x)    '■     ,    wboro 

2  ? 

+  ...        is   the  unit-form. 

•    «o-  -r,:^  *   «0-Xo  ♦••«    »    x^x  »   1   quadric. 


x,x 


1      -  * 

Quadratic  form 

^X  =  qn2i2  !  RiAi     -22: 

Sigon-vcetor  or  la-vector  u:  normal    to  x_>x  ■   const,    at 
x  =  u;h<"s  direction   01   u:    (1/2)  c)xjx/^x  ■ 

-:."    ^llxl  *   ql2::2  *••«     I    3fil*i   *   ^22z2  +  ,#  '»•••}»    q12=(12l' 
1   oper"  icr:    transforms  vector  z  Into    -ix; 
Q   is  liner  r:    Q(<*  x  +  py)    =  c/^x  ♦  ^Qy« 
4  given   by   matrix  q^  . 
u   is   Ij-voctor   if 

'4u  =Ku;  K    E)ig:n -value   or  a-7"1uo. 

Sxample:    Ellipse  x^x  ■   X-,2/^-,2   +   -?2/o(   2  *  1« 

S-vectors  u1  =   [l.o],  u2  =  [o,lj; 

S-valuea  K,    =  c^-2   ^     K.i=  cK,,""2. 

Circlo^xQx  =    (x12   ♦   Xg2)/R2   ■   1.    1,7017   vector   is 

5- vector   since  Qx  =  |R~2x-L,R~2x2 j   ■  R~2x. 

Relation  3x  -  ft  x  ■  0   is 

^11-K)X1    ♦    qigx2    *....    -   0,    q21,^    <    U22    -      )x2+...    =   0. 

Condition  for   solvability    is   secular  equation-,    (for  m=2)  ; 

*il  '  K    412 


I    *21 


q22    "   * 


0, 


quadratic  equation  (of    9rdor-m   in  general)    for    \^-. 
Problem  1.    rrove   that    solutions  of    secular  eojxr.  bigs     aro   rial. 
uUe:    2Xj_2  •   12  XjSg   -   7   x„2  =   1. 

[ 2   -  K  )X^  ♦  6  .Jfc  •  0,    6    x2   -   (  7    ♦  K)  ^2   ■   0. 

(2   -  K  )  (  7    +  K  )    +36    =  0 .  K2   +   5  K  -   50    =0 
K,-  b,    Ifc-  10.  u1  ■   {z,i\,  u2  =   (1,-2]. 


.   £  roc  cding  prodedure -bosc   for  nutnariorl   aotdrmtnttloBj 
to  bo  rbondonod  r.s- theoretical  approval]  stnoo    it   qc.^  be 
generalized   3oly   to  rcacrtctcd  clr.ss  3f  qundra  tic  forms 
in    apfooa  ef    infinite   dimension* 
Maximum  prebl  m»    Consider  quotient 

rr^x/x,  x;    fcr  x  ^  0,   Unchanged  when  x  roplrcod  by    ex; 
hence   x,x  *   1  r.:   roscrica-i;  "    -  -  „ 

Go  oraouric -i.oear,  ingj    since  n?l   ros:ric*ion   t,  j  rsonoo   xQx 
=   cci.otj   i.o.    x  to  bo   ~i,   -iar.dr lot-quociont    is  reciprocal 
square   of  uistaneo  beewvon   ?oiiJC    on    .^ur.dric  r.rA    origin. 
For  minimum  distance   a,-vcc:or  ex^-ecced. 
Quotient    is  bounded;   r.asutao   x,x  =*   3tJ  ♦   Z»   +. . .    =1, 

then   |x^|    <  1.      :'4::     <     J  q11J       +   2|q12J    + Honoej 

x-ix/x,x  has  maximum,    lo>;    lea  vrla-c  bo  |^   ,    r.  tea  inod  for  x  •  u 

no   restriction;      h/|    ■   1.    Condition: 

0  -  l/£^[xQ:vx,x3/a    xf~u  = .  (u.ur^ufu.uMu^u )u] 

■   ^u-\u.      Hence  we  have   proved. 

theorem  1.1    ihere -exists  one   .3-vector  /  G» 

opeccral   resolution:  -   i^o-give  all   ^-vectors. 

Completeness:     Llanifold    ox  .all   ^-vectors    i  i ■■?*?.'£.     - 

Qrthogonallcy ;   ^-vectors   ^  4 liferent   irvfilues  are  _L-    . 

loch  ;r Ojc-erc ies   to   be   e^cr-Ll  i  shed. 

Inner  product • 

r'>~<?  m   xiyi   •  xzJZ  * '  x^  weens     x,;;   -   0. 

Eiiinear  form: 

*&  ■  -lin^!    ♦  x^igya  +  x2e^ii:7i    *  *24a*?a    +--- 


> 


u. 


*12  =   hit 


Symmetry    cf  form;    xQ  y   =  y^  a  ;    due    to   q1      ■  q 

Green's  formula;    x,  lj  m   -jgg,    f  ^  £u\  (x  G\  ") 
Cranetry  of  o.  era  cor:   x,3y  *   -*.y« 
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Theorem  1.2        B-veccors   to   different    3-values  are  _L  . 
Iroof:        Let  Qu1  *    *\,  u1,     Qu^  =*    KjU2      then 

•ftf«r  ■  << («»**)  j  u'Qu»'    =kv(k;^1); 

difference:      (  K,  -  tfj    (u2   .u1)   =  0;   hence  u2  -U  u1    if  K,/  W 
Lemma   1.1      If   x_L  5-vector  u    then  Qx  J_    u» 
Iroof  u,Qx  =     ■£  X  *   x_,u  =   x,Qu   =    K    (x,u)  *  C. 
pheorem  1.3     5-vectors   s^an  whole    space. 

Proof.-    If   they  did  not,  sub  space     $**bf  all   x*  which  arei-  -o  all 
5-vectors  would  have  dimension  >  1. 

Lemma  1,1    shows   that    Xx    -is  ais:    in    #*"  •    A^pl.-"    -.heor;;.a 
1.1      to   1   considered   an    operfcfcor    in    $*  ;    it  follows    that    chore 
would   be   an  -    S-vector  0  4  o  lttf%    HOWOWW*, 

9"cann;L    contain   such   i-v    ctors   since    lc    is_L_oo    Cheat*       3ontl£4i< 
t  ion, 

Problom2:   Analyze    chc    sco^a  biuuOZl    in-cnis   -casor. in- . 
He  row  i  til    the    Sj  ectral  -resolution    13  com. lo tea. 
op  a  c cral    repre  sen  c  a  •;  i  rn  : 

Lemma  1.2-   Lei   u,v   le    ^-vectors      CO    sarae    jii-valuo  ^    then 
linear     combinat  ion<a(  u   +  J5  v    is   5-vector,      Coo. 
Proof;      Linearity   of-Q» 

lake   all    S-vectors    to-  3ame   i-valuo   H     ;  -they   lorm'-'^-.jub- 
space"^       to  '♦'  ;V    can  be   spanned   by  normod  orthogonal 
i-vectors  u. 

All     normed   S-veciors   obtained   this  way   arc  4_  in   view 
of  Ph.    1.2;      they -form  a  coordinate    system:  u   ,uc,....      ,      Ito'c 
1^,^,....    be    the   corresponding  3-values   (not  nocoss- 
arily   different).        Phen  each  vector  2   can  bo  written: 


alul    *   S2u2  + +£raua;      or   x  ■   f«^f 


c  »* 


thoc.'erat  ion    >x  may    be  written      ,    since    i   is  linear, 

iac  »^xa1u1-*^i.a2  a2  +•  •  •  or  ^^K,  Bj.      ^<-a2, ) 

The  unit-form  end    the   quadratic  form  become 
5  ? 

",—  a-i         Tflp        -r .  ...... 

x_i  *  =  Kx  a2  2  *  K2a22* 


Ibus   the    spectral    represent  a  t  i  :n    is  eom_l :;  ted. 
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Chapter  II     Hilfcert    8Pftoea 

Original   Hilbert    ipaoe  &0:   all  vectors  with   infinitely 

many   components. 

%  *   IX. ,  x   ....    V-  for  which 

(12  ) 


(x,x)    -    x^  ♦   x  2 


+    . .  .         <    c^>  . 


opaoe  of    infinitely  many   dimensions. - 

S#t    suitable   for  differencial   operators  and   quantum- theory. 

Von  lieumann's    "abstr&cc"  Hilbert    space;    co    he  developed. 

Line&r   opace  ■  (ft     of  elements  or  vectors  x» 

Liui  ci^lica  tion   ty    real  numbers  and   addition   aefir.ea. 

c<x  +  py-=    a  In   (^      ,      if  x,y    in  (J^     ;<^,R     real. 

Vector   "0 IT.    Axioms. 

in  what   follows  s^ace   is  su^osed   to    Imply  linearity* 
Examples.-    1.    .3pace  of   finite  dimension* 

2.  3pace   of   all        )  x,  , xof . . . .      {  ,   With  or  without    restriction 
(  X,  X)     <    o£>   . 

3.  Function    spaces:    x   is  function  x(  s)    of -real  variable    s, 
defined    in -interval    3f    say-    »cO<  s  <oO-or  else. 

Space  of   continuous  functions    i%<    ,    of   continuously   different- 
table   functions  fSst*   .    Notation:    D  =   d/ds. 
Form   (bilinear) 

x  B  y 
Symmetry  :      x  B  y    =  y    B  x. 

Linesri  ty  : -x  B(  |jy    tyg)    ^(i-Ey)    +  ^(  x  B  4  ; 
the    same   for  left  vec  cor  due    to    symmetry. 

Non-nega  cive   form      P; 

x  P  x  >  0 

Form    0  ■:  (c*x  +  |3y)    P  (<*  x  +  ft  y)    -  c*2(  x  P  x).   ♦   2<*  .3  ( xP-0  +  r?v-  '. 
—  |  —  i  —  j       — -      j  *>  _   ••/ 

Schwa  ra.     Inequality    {  31)  :  J  x  P  y  I  ~  <  ( x  P  x)  (y    Pj),    and 

Triangular- Inequality   (21)  j    j(x  +  y)P(x  +  y)J    <jxj?  x|'    +  ygrl   . 

Form   is  Po  3ic  tve-deiini  te   if 

x  P  x  >  0  for  x  ^  0. 
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Sz&Biples:    In  finite   apaoe     Vs-^BrX  x^  x     is  bilinear  form, 
symmetric   if    a<rT  -    at0_    ;    x,y   "    z^y      +  ...    +    xy      is 

posit i  ve -def  in  I te   f  o  rm. 
In 


V}0  v;s   caii  define    inner  product  fcsj 
"       x.y   •  XI      +   x  y      +    . .  . 


:,y  »   x  y     +  x  y 

1   1.        £   2. 

Problem:    Prove   absolute    convergence   of    (x.y)    from   (x,x)<oo, 

fy,y)     <oa.  -  fc^M  Pi 

In  s^ace   of  functions  x(  s)    we  may  define  bilinear  form  as 

foil  OWB 

1.  Jx(  s)  r(  s};;[  s)ds,  e,g.    r  ■   1. 

2.  fx(  s)k(  s,  t)y{  t)dsdt,   K(s,t)    =  k(t,s),    e.g. 

Si     fjfcd  a)    p(s}Jy,(s)ds  e.g.    p*   1. 

Lletrizacion      Take   one   posi  cive-def  inito  form  and    dofino    it    as 
inner  product   x,y;   unit -form; 

x,x  >  0  if  s  +  0. 

ITorm :    ||x|]     »    (s.x)71       ,      distance    ||x  -  y|j. 

,3i        |z,yr  <  \\'4\U\       )  ..'.*  * 

..   v   except   if    H2  +    i^y   ■  0. 

IX        |)z  -  y||  <  )!4+  Ml  j  ' 

nplea  in  function  a.  ace  a 

z,:c  -    Jr(  s)x2(  s)  ds,    r  >  0  used   f  :r  f'     , 

XfZ  -    &s)  J::2(  s)ds  +  a.(  a)  *2(  a)]    ds,    p(  3)    >0,    q  (  3)    >  0,   ttsod 

for-J^    .    (nay   require  restriction). 

Limit  vector  .:  of    aequenee  x*"  :    |{xr  -  xj| — >  0     as  <j  — ^cO  .Also 

x*3" — )  x;   aonvorgenoe   (strong);    Incite  a 

ll^ji— )   j|x||    (iroa   11), 

y.z0-- >  y,x  (from    31).  -  - 

Sx&mpl ■■;•.;.    In  £v„ ,    oaBTorgoBoa  of   oaob   oomponont  aoc    sufficient. 

In  £L  (with  above  norm)       |r  §tr  «•  x"]2ds  — »>  C    (i.e.    in   the  moan). 

9  r 
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lonoo  x°~;     jj'AJ     -  xT//  •  0 


9 


r.s       CT,  T      *«*. 
If   x^-*  x  fcboD   z0"     is   (J'ucby    Bianco. 
gpcoo    is   erL-ploto    if   o-ch    jGuofcy    soiuonco  hr.s  llditj 
Jouploto    spc  :c    is  toraoi  jfoolUor.n    :r  gonor-1  Kilt  ore   spnco 
(with  roforcnoo   to  n:ra    :i    tfco   typo   //!:://  ■   (x,x)^-J. 
r,<yis  couplato,   nonce  i&icliloqn.- 

Above  function   apcoos  era  n_-t  eoapleto*    Xhroo  cpprorohoai 
1.    Junctirr.   gpr.coa  cm  to   eouplotOtl  by   P.a  Joining  functi-ns 
nltt    squr.ro  s    intogrctlo    is  LoboagUff9!   sonso. 
,2.   Ihoory-cca  be  w?rkoJ   out   in   Inooaplewo   spc  cos,  of.    Crurmt- 
H  lib  art    7:1.11   Ch.  711. 

3.-    Jxiplot  ing  t;.^  f.lj  rini.-g    iiarl   oloaonfcs. 

3  naUor  speech  with  u;:  lt-i  :rr.:  (2,x).    Lot   x*  to   o    Ccmch;;    so- 
quoneo.    E  it  tor    It  beg  Halt   TflOtor-ta      <#       of   ol  so   r.  saiga,    to    It 
Idoal  linit  vootor       a      if -lor -two    aoquencoa  x*"  ,af  j  //x^  -x*//  -*  0, 
r. s sign   the    sCoo   1  i  -it    FOOtjr    t:    chou. 

Doflno     b<x+^„.   *  iia  (J.;:0"  +  ST)»ln   thle  r;r.v   speco  £onr.  be 
oxtOEiad    c  :  a    ~ . .  oo      $     . 

(x,y)   er.i     //;c//    cm  to  d'>jlno-J    Ir.     ^.  : 
Proa  Tl    ;nc  aorivos: 
/  //  :c7/-  //xT//    <  If::*-  -  -x5^  0,i:er.ac  //x^    l?    QDtt«by    soquonga   c.r.i 
thoroforo  fcninlol.   froa   ,>I     no  ierlvos  fpr  tw:    0r.nohy   soquoncos 

:*./    I   (/./    -   X*  ,//  <l!-r  -  ^H  HfH    ♦  //x*//  fy*  -  yV-O, 
hcr.je(  ;c°,^)    is   jRaobj    gu^aouoo  i  na    thorc*:rc    cOEVorgoa   to   linit 
nu;.:l:-r.    Lot   :-:  »  Ha  x*\   yl  in  ^.    If  x  UtA  y  r.re    in     ,£     ,  (x  fy) 
-?(x,y);    otherwise  JoflCQ    (x,i?)*  1  iafx^,,.0").    Provo   tfcr.c    fx.yjla   s;r.i- 
.:iotrio   ml  blllnofcr,   further  //x//  >  0.  Horoovor  //x^  >  0  for  x  ft   0% 
//■a/1  ?.  0  v/rula  accr.  jf -Flf  ->  O.ml   x**  vnuld  hr.vo  li.at   vootor  0   ir.  (^.   . 
-^    is   s~r.;ploto.Lot   rS  co    G^uatiy    soquo.  co    in   ^ ,  // x r  -   x^    c(0*)    <#0 
f-r(T>  ^;    Oh 3^80   x0"   ir. ^      suob   thct  ll .:T    -   lr//r    t((T) ,  Dior. 
//wc*"     -   x^  <  ££((T)    •  £(D-?0;Lot    x  *   ii.  /*,    then 

/K  -  ^//<//^   -  ^//+  i  «D  -;>o. 

Rofaronco:   F.    HcusuTrff     MongonluLro   2}:aox.    1927.     6  £1.2. 
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Sample     fhe    BpCfO   Xr.with  unil-iorai   (::,..:)    »■      £ JRS  ds 
mr.y   be -cxtendod    to    complete    speco-a6.,    the    Spnoq.-^  with 
unit -form   J  fpBs*  +  tar]    as  to   complete    apt  ce    <^     .      Wo  do 
not    investigate  whether   the    id  eel   adjoined    vector   cen  bj 
roel  isod   by  f  une  t  ion s. 

■>>ubspece   of  r>    is   el c sea    if    it    con fcc. ins  ©11   sf   its  limit 

o -p  t 

vectors.    c>ub  s^r- C*    is  don 5^    in  *v>    if   t.r.ch  vector   ox    apeco   *o 
is  limit  vector  of    subs^ee. 

jiiccmples.    In    '\/o  :   veccors-f or  which  ;;  =  0   form  closed 
sacspr.ee,    vectors  which   bCvo   only   finite  nu.ber  of   noa- 
vr.nishing  coeff Icioata  form  doaso   sub  spec* 
In  ^;    ±    Dense   3Ubs..eces   &TOJ  Xr     end   ell   pleeawieo   llaofcr 
functions;  further:  enely..ic  functions,  pclynomirls,    (if   3 
1 3 -bounded}* 

Problem ;    Srovo    th."  c    subs^r.Qij   in  jf  ,   or    •>>-  of   iui.ocio.LS  vnnicu- 
ine,  Cu   r.  fi::ed    ^olni    ie   uouso    ii:    T     .not   a;eo.    Iri'vp   rospoot- 
iV^l::.  > 


Iro-f  for   rso   ,5  -    (0-<  „  <  1)  ,    ||.:i!2  -    j   3C2dj3  oz-j    \  J::2+v2(ds 
respectively;    fi;:cd   poin-:-;;  =   0.  u  -      J  * 

1.    Let    ^T(o)    =   1  -T''oforO  <  j  <  T    ,    =»  0   for  *  >T. 
Let   :c  be   eny   voct:r   in  &.     ,    x  in  <£_    8Uob    thefc  [!x  -  xl!  <  Vs. 
dot   :c'r  =    ll   ->);:;    :;T(0)    -  0;    ||x  -  ::12  -{  >^:e2ds  <f>:2dS  <& 

if  r»T£    sufficiently    «ar.ll«    fhen    fix**    ~  *  }|<  ft*  ~  S|+j{x*j.*   sjj<^ 
£.    Pirst   proTo    BO    |z(o)!    <-/|x|j      for     z  la  <5\  £ 

|x(0)l2  =  [x(a).+    pa  (s'ids^C^fs)    ♦     f.D:c2(s)ds  ^ 

!  x(0)  I  2  <     |V(  s)ds  •     fi::£(  s)  da  =-|lz|i2. 

0         a         J° 

Now  lot  y   bo    Lav   with  y(0)    ^  0.    If   it   could  be   ?._._  ro;:c- 
lmcte4    by  x£      la-V    with  ::£(0)-  =  0,    contrr  di  c.  ion    |y(0)(   < 
2\\::£    •  yf|    —- *  0  would    result    from    (-*-}. 
Subset   3p" ns   (d::t- rminos)'    spree,    if  llaafj  oofltbtar.fcloaa  ere 
dense. 


Sxrmples  :-*vjc   is   speanod    by    co  ::rd  i.ee  :e    s:.;stom;    ifc.    by    so 
vectors   )0  ,0, . . . ,0,1,0,.. .7    • 
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^«   is   spanned  by    piecewise    linef.r-f  unetions  with   Peck  values  1 
and    rational- salisnt  points,    or,   for  bounded  J     ,    by    powers 
l,z,z2,...,    or,    for   3:   0  <  X  <  1,    fcy    sin  ntfz. 
3x:aeo    is  donucora bio    if    It    is   spanned    by   donuciorable    sot. 
(Proper  Hilbert   spaoo). 


fctfunploa:  ^0r-i^  <Cr  Cro  <i  enumerable. 
Problem    -Trove    thacvr    is  domimorablc. 


* 


"fa  ft  tlrt^V  >  it?' 


Projection.    Lot  7f"  be-eloaod   subs^r.oo   of   vectors  y.    Projection 
Pa  of   x   in  ^    is  Top  tor   in  "fl      such  that 

z  -  Pz  JL  y  . 
Minimum  property: 

.-    \\x  -  Px\l  <  |\x  -  y(l  for  all  y   /   P:;  in  T    . 

Proof:     ftae  -  yli2  ■  \\*  -  Pz)\2  •    ( z  -  Pz,   y    -  Pz)    ♦  ||y    -  fzjl2 

-    I!::  -   P::li2  ♦  fly   -   ^f , 

because  of  z  --Pz_L  y    -  Pz* 

There    is   only   one  projection   Pz.    Otherwise, -iron  %  -   V.X X  }f"    , 

z  -   PP2X  T>    contradiction   P, s  -  P  x_L  $"  would    result, 

Pre  j  o  c  t  i  o  n   u  he  o  re  m     2.1       Lot   ^  -    be   a    closed    sub  space    in  gon- 
ord-Kilbert    spf.ee   ~fo    ,    X  6   vector    in    fa  .    Then    there    is  a 
veetor   Pz  in  #•    sueirthat  X  -  Pz_L  tf"    .^ 

Proof   (Hollich,    P.    Rleai  1934).    Lot  d   bo   the  g.l.b.    of  all 
j|z  -  y|)   whore  y    in  $~    .    Then  for   all   z    in  ?T 

0  <  ( G  z  +  y    -  z,  p  i  ♦  y    -  z)    -  d2  ■     j}2z2  ♦  S  ^  (  z,y    -  z) 

•   ||y    -  zip  -  d2. 
i.e.    this  quadratic  funccion    is  non-nega  cive ;    henco 

(1)  U,y   -  zi  <  14   p   -  zi|2   -  &)*    . 

Apply    to  y1  and  y2,  use    jz.y1   -  y2|    <    \a^*xl  +  |z,y2  -  z  (  , 
sot  z  =  y1    -  y2, 

(2)  ((y1  -  y2||  <    [((y1  -  zj|2  -  d2^    ♦     0|y2  -  z||2  -  lzUl  . 
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AP 


How   take  ainiaiaing  sequence  y°~f    i.e.   ^y**  -  x|j  — )■  1,    (exists.!). 
fjp-ja   {Z\    wo   have     [(jf    -  yT||  — >  0,   licu.co  y°Ma   Gauehy-soquor..cc. 
£noe  to    is  complete,    there   is  B  liait  vector  y    such   that 

y* »^;    sir. co  y-   is  el:  sod,  }   is  lis  f   •    *rU©Rtly    ||y     -  xff  -4, 

Fran   (1) -wo  hero   2,y   -  x{*  0,    i.e.     J  «  xj_  jf"  •    Kor.co  ?  =   Px  is 

project  iyn.  -  - 

Ooaplenentcry    space  ^*  to  closed    sutspaco  7}     cor.sists   of   all 

vectors  JL  <f~    . 

Thooroa      2.2     f  0   ^*  =  #v-    ,    i.e.  fr-   ^jf*  0&&  k*>  .    Or,    o«ob 

vector  x  in  £,     can  "bo    split   into    sua  of  vector   in  $U  call  vector 

la  It**        0 

In -fact:  x  ■  £z  +    (x  -  Px). 

Prohlea-:   Let  jL    bd      subspace    in  ^X"/  of  functions  vanishing  at  -^ 

fixed    point.    Construct   coaploaont     (yj>:  to   closure    ^L  of   t£.    In  Mr  . 

Q9 ordinate    systoa:  u1, u2,u3,. . .  J{\vF\\  ■   1;  u^Xu'*"  ,     <f  }  *T  . 

Coaploto    if    ic    spans   space.    -  » 

Pro!:  lea.    If   BPQOQ    is  finite    or  donuaorr.blo  ,   a    coaplete    coord  in- 

ato-systen  exists. 

The  ore..:     2.3:  Let     ju^'c  ba   R    complete   oo:rdinate    systca,    then 


for  any  x  in 


1  2 

x  =c*,u     +  c*.oU     + ,     wbero 


#  =    (x.uO. 


> 


X»x  «■<*.♦  0\  *  ♦ ;    lie. 

1  2 


is  equivalent    to  ^to     or  finite. 
Proof:   Take    BRbapeot  *(J£_  spanned   by  tt  ,»..tuaj    Pnx  projection 

of   x  into  7/^.    Let   P,,x  =    f^u1*...*  f^i   then,    for  1  </"<  a, 
oJm/=    (x.uT)    ="4(Ptnx,u^)    =  &,  ;    hence 


P  x     •dk-tt     +. . .  +    cA  u. 

n  '1  -     .: 


CO 


Since    ays  tea    v_urj      is   coaplete    there  is   sequence  ycl   in  Vi, 

such  that     ||yn  -  x||  — *  0.   How   |(l  ,z  -  x\\<  |Jy°  -  X  || ,    hence 

R*a*  "  ^0  — >  ° -  v;henco  R*a4l  —>'])*]{  .   *»*  ll^l2  =  V*#**Saf« 
Hence   ||x\|fi  =  O^2   ♦  0^2  +###    ( 
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flbfiptOI     III.     3X;:  i     i  :;Iv     COiitljRUQUS    f  OJFQS    md     ^OlUC     Si-uCtrfc* 

Hllbort    ap  ".30  "&>  oi   v-uvors  ::;   an  is  fora   (:',:-:) 

load r» tic  form  :^t     resulting  from  symmetric 

Pilinoar  foro  af}  y   a  y  |_  *.      As  sumo 

Q,  <  xQjS  <  k(::,::);    i.e.      _£.  is  *  Ofllt  ive-dof  ini  to   end  bounded, 

(Positive-  del ini cenoss    immaterial). 

Lemma  3.1     Lot  z^#  x  then  y£xj*>-  \;_,   f  >~-%-<"^  x£x« 

Proof   1.    /yjK  ::*"-.:)/    <  y$r(<  ^f"  --*!<  ::'   "::^   1^&T   W|z^*«P-»   0. 

2.     /   (xT-Q^^-f:^..:)^  j    £  f (^z}|(2r.s))*  <-Jtfyz*-   x//  ■*  0# 

Def  mition  of   a-values  v\  "rid  3-voctars  u  without   reference 

to   operators: 

(3,1)   y_iu  -  A(y,u)        for  Kll-JJ    in  %  , 

theorem  3.1     I'v/oji- vectors    to  different   i-valucs   l\  Cro J*f 

Proof:     ttju1    ,u£)    *  u^u2  =  K-ju1    ,u2). 

ghegrcm  3.2     i-veetors   to   samo  i-valuc  v\   form  closed   sp^eeUT,^. 

Proof  l."<-fl-*i3  linear,    from   (3.1),    2.^^13   closed:-    lot  u1"  bo 

sequence  with  limit   v;    then   (y,ur)  ->{j,t)    '  nd ,    iron  Lemma    3.1, 

y  ^ur     ylv;   honco  yftv  =    ^t'y.v),    .i.o.   v   In  </(, 

—           —              1  m 

LomtaP  3,2  Lot  u   , tu     bo  an   -ortbonormod   set  of  3-funotlons 

with   S-valuos  n ,    , . . .  ,  ^s;    ebon  for  X»,os,tt     ♦*m*AJ»   , 


v- 


fx»xj    ■^.♦•♦•♦^    ,    -oj:;  •»**.  t...tH.^;. 

Proof:        (z.uN      =  V   ;    ::,z* J^H^J::,a*J    •^/^»; 

Jhoorom  3.3     Lott'l^Lo    s. --co    r.-panncd  by   ifc-vectora   fco  J»vrlnoa 

>u>-;    then   :Q-  >u) (;:,:;)   for  X   In    ^>co  . 

£roo*:      1*    I*o  t   z  "4,  fc1*****  **,»*;    in  -  v lav;  of   i'h .    3.2    w , , ,* *s 

may  bo  considorod  different:    in  view  of   ih.3.1    the  uM'  r.ro  rer- 

licular;  then  the  st'-c  omon'c  follows  from  Lomma-3. 2.  2.  For 
limits  of  such  linoer  combinations  the  strtmont  follows  from 
Lommn  3.1. 
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Desired  type -of    spectral   representation    :    "positive -disc  rote" 

representation:- 

1       2 

Oociplote  orthogonal   sy  scorn  of  normal   E-voctors  u   ,u   ,...,; 

u/tLuv,||ul   =  1.  -        - 

Decreasing  sequence   of   positive   3-voctors    \(  >  \\  >  ^'  >. . . — »  0. 

Able   to    represent   each  vector  in  : 

z  =  d  u1  +  o^u2  +...  ,     where  o^  =    (u^,x)  ;    further 

x,x  *«C^<Aj  ♦•*•-,     x_u  =  K,c^  ♦  ftjoc  £■*■♦.. 

The  latter  relation  follows  from  J?mic  ■  o^u  +  ...+  c^u01— •»  2  and 
Pm2Q_Pmx  ■)(£*,♦..•♦  lO*ta|3(0ff«    Lemma  3.2)    in  view  of  Lemma  3.1, 

Above- type   of    spectral  representation   implies  following  Proper- 
ties of    spe  ct  ral    re  so  lu  t  i  gn  : 

Pure   point    spec  trum:- sec  of   3-voctorc  span  whole   space.  - 
Positive-discrete:    Point    spectrum    \^>  0   and    3-voctors   to 
K  >  U)>  0    span  finite    spacoj    i.e.  "tff   >  OJ  has-finite   dimension. 
Theorem -3. 4      If  j_  has  pure   pooi  cive-discrefce    point    spectrum 
then    "po  s i  c  i  vo -d  i  s e  ro  to*  r 3 * r o a :-n  b r,  t  i  j n  - h o Id  3. 
Proof    3ince   3-vcctors    to   ceeh  3-vrlu-:>   form   finite    8pEC«,    they 
ean  be    spanned   by   finito   coordinate    sy3l"em.    All   3-vnctors   thus 
obtained    crn  bo  ordered    such   cbftt   K'     >  K;  --''  K, >* •  •  -— >  0.    The -re- 
sulting  system   is   oomplotoj    hence   representation  follows  from 
Th.    2.3.  - 

Hilbert's  discovery:  Forms  with  pure   posi  tivo-di  sere  to  point 
spactrum   con  be -simply    characterized. 
Property    "T' :   To   each  £  >0   there  arc   r  *   r(£.)    vectors 
y    ,...,yr  in  w    such  that  for  all   z  in   L 
fW)-|3*36J<    Ejff    (y?lx)z  +    £(z,x).  0       - 

The 9 rem  3.5      "Posi tivc-disereto"   representation   implies    "W*4 
Proof:    3o  t  y?     =  ^''l*  u?     for    !(„>£. 
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rre   shell    show  that   positivc-dof inito  form  2.  enjoying   *W"-has 
positivo-disere  to  point    spectrin  end,   consequently}   a    "positive- 
discrete"  representation.    Before  doing   so  wo  mention: 
Hilbort   had  given  diff  crone  -condition   instead  of    ,r7". 
Property    "CG"   of   complete  continuity:  Lot-x^be  a   sequence 
With  hounded   flxHIsuch  that    iyjp?)    — >  0  for  all  y   in  ^  (weak 
convergence),    then  x^Qx0" — 9  0.  -  ^ 

The  or  on  g.  6-  "7"  implies    "GC".    Evident   from    *7% 
Problem;    Prove:    "GO"  implies    "7/". 

Theorem  3.7      If  positive-definite   form  ^  enjoys    "W*  its  Point 
speotrua  is  posi  fcivo-discrcte. 

Proof:   Lot  In.    >  ^->  (  cf .    Th.3.3)    have  dimension  >  r(i)    for  w  >  £.    : 
then  it   contains  vector-x  such  that   x^    ■  0,  f  ■  l,...,r. 
For-this  x,    IW)   givos  contradicti:n-to  Th.3.3, 
Theorem  3.8.  -If  Positive-dof  inito  form  _£-enjoys   "W"  it  poss- 
esses S-vectar,   provided   the    spaee   fyr-    possesses  one  vector  x  /O. 
Proof   based   on  Maximum -problem  for  xjx/x,x       fsr  x  ^  0. 
Let  K     >  0   be   least  up^er  bound;    then     X  -  J  non-negative 
form.    Cinsidor  normod  maximising   sequence   x0",  1)^*11  ~   1, 
j£"(K  -2)3^     ■     ^^     — >  0.    act   x^  -   x*  =   iF*  .    TI  applied    to    x<TT 
for     K'  -  2.  yields 

x^k-  ^u^  <  i£    +  er)£. 

Upon  adding  (7)    fit  x0"1"  , 

f*  -    (*-*)(»**  ,*rt  )    <     E*      (y^x^  )  2      +    (^  +  <fr)  2. 
Choose    £<  K,    then  r  and  y*,*««t'yrJ   further   subsequence   x^ 
such  that  the  r  b  undod    aequoncos  (y^CJx^)    converge,   which   im- 
plies (y*2x<r'r)    — >  0.    For   this  subsequence,    OK)    yields  )|xcr'T  W-^/O; 
i.e. -it   is   Cauchy    soquonco   and   converges  to  limit  vector  u  duo 
to   completeness  of    space.    |p:°"||=   1  yields  ||u()     =   1,    x^d^-Q)  x^O 
yields  u(  )C  -  3)u  ■  0   (Lomma  3.1).    Further  from   31, 

honco  y^u  =    JC(y,u)    for  all  y   in   £J.    ;    i.e.    u  is  fi-vector  with 
3-value   X  .  0 
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Theorea   2.  9      If  -posi  tive-def  inito  forci  Q  on  joys  property    ""/"   its 

3-vectors  are    coaplete. 

Proof    Cons icl or  closed   spaeo  7      spanned   "by   all   S-vectors  and 

eoaplenentcry    space   ^      of   ell   x  _L  7     .    Since  %    and   ^       span-^L 

(cf«    Theorem  2.2),   we- have    to   prove   "^T       =0,    i.e.    consisting  of 

x  =  0   only.    First  Wo   ob serve 

(-3K)  t2afe      ftf  °ny    I   in  %>%    x^  in  T1^    ■ 

This   relation   holds  if    t   =  u    is  an   3-vect?r   because   of 

u'j^i ■  -=    -K(uf^)    ■  °*    Ic    therefor©  holds  for   every   linear  coQbl- 

nation  of   S-veocors  and    in  view  of   Lcciue   3.1  also  for   every    t 

in   %      .    Hence  - 

(%)■        Tf2\  =  y*-ix*       where  y    is   any   vector   in  *L    ,   y^  its 

Projection- in  ^r.    and   j^  any   vector  in    '^.*     .     O 

"!c  now- consider  Q  Q  Positive-definite   form   In    fs    »  An 
5-voctor  u^  of  2  ln '^v  is  clso   2-voctor  of  ^  in   ?-  "because 
2*1%  =   W***^    fDr'cli  y*   ln    ^*  i«pli-^s  y^  =  ^(y,u^)- 
for  all  j   in"^-   »   according  to   (* ) .    Since   every   3-veetor  of  2. 
in  iC.    is-L   to  t?^L  ,    there    is  no-S-vector  of  ^    I&-4L   •    However, 
when   relation  (".'),' i's  applied   t:   x--  x^   In^L     ,    :no  aay   re  piece 
y?23fc   ^y  i+l2-   wn3rc  y£    is- the -projection  of  y^    in  4^.  ;This 
is  obvious  from    (^)/«    Thus  one   obtains 

which   expresses   that  ^  in  ^*     enjoys    ,r.7".    Therefore,    Th.3.8 
would   bo   applicable  and  would  yield  the-oxi  stence   of   en   3-vector 
in  4^  unless  4*.  contained  only   the  vector- "0".    The  latter 
must  be   the  case   since   there   is  no  3-voctor  in  <fy    . 
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dE 


Di 


ff  or;-i:tir.lf -r-u    Qpos    Let    :.vnl    3:    s~<|s|<  s     (finite    :r    infinite)." 


JDCoe   a^-    ^      »i  funcci:--s  x(s)   with    o:i;d:.u:us  uerlvJUtTo  vr.n- 
taking  i-r,  neighborhood   ox  os*polsta  ot   3.  U^it-foro 

Quodrf*  c  lo  f  era 


c£x  =    J    r(c)^(3)is 


whoro  p(a)  >  0,   q(s)  >  r(s),    r(  s)  >  0  r.nd   cost  inucus   la   open   S. 

Complete    tbia   spc.ec  ivts  c.   apcoo  ,§/•  <^by  c.d  J  ■;.  in  ing 
idor.l  footers*  i^lapl  to  a  0  bonsicry    crr.dicirn,    tho  goncrd- 


IS&tlSO    of    »5s  ■  0  r.t    tha   ond_oincs   o±    .3". 

Obviously  £  iri/t/   is  p -sic ivo-d;f  inito   r.nd  beuaAodj 

(*)      0  <  afl*  <  k(x,z)j  ::  /   0. 

It    cm  to  or.:i.-.aja    c:     /»7     :  ,  a 

Lot  z:0",  y^  to   jauctay   aoqaeacoa  Is   ^epp  roach  lag  ::,i;   Is    a'    • 
ft :::  *?  'Qm6"  •  <  (  £*&  *|*  ;  7rt^  »)  *  <  kfx*  t///jt'c-7/  -»  0. 
Ti'orof  :ro   >:c'2yrc:i:vor:;;'JS,   &a»S  we  sky  define  a^jy   =  1  i..i  sr^*"    • 
It   la  or.iij   agDS   fcuct  a^y    is  r,  fcHlsorr  fara   lav  wlch   tho 
fc*asi  k.  2.  Lb  Jb*  la   jbvlsuaij  -  ra-aogfctivoj    It   Is.iu-wover, 
est   obYlona  thr.t  Q   is  .  sal  tlre-def Irltej    i.or    tbr.t  novcr 
a£x  ■   0  for   x  j£  0    in  Jf  .    "*?   ;  .:s::  ::  o    the   prroi    :-     tLifl  fcot 
t :    cho  east   cbeptor* 

It  oay  bo  n>to*   tbet    it    is  est    true   thefc  ov;-iv  baoaAoA- 
f?r.:   wblob   is  josi  c  ivo-ijf  taicc    in   C   utasae    sutspr.ee    is  c.lso 

Bltlvo-dof lal to   Is   Cbo  oo.i?lcto   s.-r  00. 
c;  run  to  r-oa*aplo«   ( x,  a )  «  f  &*  ♦  x2} i a  ♦  f BxU )  )fi,  xgx  =^i£d  3. 
la  tho  apr.eo  $  of  nil  x(ai  wlfcb  oontlauoua  derivatives  D» 
tho  foia  Q  is  positive-definite;   whoa   tbia  apaoo    is  completed, 
this  c:  longer  h;ltla«   83  abow  tbia  wo   tc&»   tho-eequosoo 


• 


•* 
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x*(a)  =0     far     a  <  1  -$,  •  s  -  1  +  £.    lor  1  -£  <|s(<  I* 

JhttE    [x*»X*)    •  £    +l£'V    1  -#  1,    X*ta*  aJ.£  *-*<>• 

2  ■ 

j*t»  ,*m^-  &,«  r,  >  ♦  $<  &  -  r.  )2  »n.tfi  -  <r,)2-»  o, 

Ra  f,  «5r£v-*-0.   Honco  x  is  c    Sr.uchy    scquonco;    cad    (x,x)   ■  1, 

■gs  »  0  for   the  Halt   voci  or.- 

5xc..:iplos. 

l.xLx  *   _f'  dAs,    xQx  ■    J9  X*<la;(x,:xl   *  xLx  +   xQx;    or,34!   +   Q# 

S-vcct-rs:    sir.  rifts,   S-vclucc    K*  *  f  1  ♦  n^rlJ        ,  Courier  ax* 

pr.agicn. 

2.  xLx  -     /  (1   -    s    )D:^ls,    XjZ  -  /'  x2Js;  ,    -  1   *   V 
i-Tootora;   Logoniro  polyxiaciltiltj   K-*.  =   f  1  +•  n(n+l]j      , 

3.  XL::  -   ^"{sDx2   >  qW]'3»,    x^x  =    £  As; 


Bosscl   functions  J^(%n  o) ,    yf  =  fl+  fJJ"1,     .'here  J  {*       )    =0- 

Hn(«)o         ,  Hjj  ho  rait  3  ^.alynsatelaj,  K*   -fl  *  »  -i\     • 

2J 

I-^(s)o~s/2,  Ln  Lnguorrc  polynoalclg,  K-h  *  (jL  ♦  ifj  "1. 

6.      :£x  -^/cOx     ♦    2bxD::)s2a3>    tfgs  -/*  i2s'aS;  ,*  Q  *   cH, 


►-n      b*/c. 


Beget iro  aiscroto   rpaotrtu  K^  *    \/  0  *  A  „  ,  \f 

LA(  2afc/n:  Jo-3'7-1  c;    ochrjaii:gcr     fui.ot  i-:.s  for  C   flT/fcl-    2t 


oi: 


7»      xLx 


o* 


,2 


J>:"s.    .3::-     J^is; 


,    =   L   *  2- 


Ho    discrete   spectruu. 
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VI)    shall   derive -three   criteria  ;.hu  ,  the   above  Alfiorentlcl  fora 
V        possess  property  -  "If*  With   r»epo«t   t?    the  cfcove  anlt- 

foia   (:c,~).      Bef:ro  loifig   89  we   observe    thr.t    the   coefficient 
p  oca  to    iclo  1  by  0   tra&gfo  rack  ion*      .since  p>  0  wo    ley 
inurolueo 

eg  cow  vr.rir.blo:    |h02 


qp  r.iil    rp    tcko    Che  plcae    jf  q  and   r.      Soto   the. . 
Cqpdt.*    f  qis,      tp/rp  *  q/r  roar  in  a&oheagod« 


ip    u  C  ; 
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Criterion  1.   Q  oajoyt     "T*  ix  j^>     rds*^^  ,  J^,  /  t)  rds<<w'  * 

Prorf:     We    introduce  J*   r(s')is'   ■  1(  s) ,  jfJ /t(  s' )/    n's' )as'    •  j  {  sj 
Lot  4  s  bo  r.   sucir.tcrvr.1    ;,f  5   if  into   or   infinite),    thon  v?e   set 
j4J  rls  ■  •  *,      J^  'tl  rls  -  «  j.      TTo   Chen  proofed   to  prove  first 
Po  ir.a£re '  s  gonerr.l  izod    inoquel  ity  ; 

j^     r/j3  <  (|f  J-i^Azsis)2  *    {"3    [sPi)x2ds 
for  2:  in  ^"#      ( **-u\*~  >) 

Proof;      In  view   of   tho  procodinj  roaftlka  wo  ciHj   asanas  p  *  1, 
t  =    s.      Lot    slt    s2  bo    in4s;    |:4sx)    -z(s2)l£  «  (JDxis) 
<  I  s2-s1|(""b:c2Ja  <  fl8g|    +»  SiQ  JAg  D^ds.      By    intogrctingwith 
respect   fce    s^^  end    s£    ;ver  4  s, 

iij'"1'^^1!-'3!1    -   -(oz)\hs1ds2  <  2WTJ    r    B;,:2Is. 
2hc  left   ,ioator   is  2     ft*/  r-:'^s  -   2(f      r.cds)2.      Konoe  division 
by  2  T?"    yields  the  inoqucilty, 

Jivido   o  into   r  in;orvais  Ae  s   such   tbr.t   ell  £  j  <  £   .      Ey  Biding 
Po  Is  or.  re-  inoqucl  i  t  ios : 

4    «Ai  <  l£,  <f,  t    >*«  r  :u3)2   .  ffefto* 

got    a?    -    Mf€  I  in    i|0a    -  a   tfrtatftJ    char;   preceding  foraulc 

reels 


. 


.     5 


■ft  HV. 


1    ,» 


2. 


^   r-  **  <L     tj^fj^i  2^:cis)£  *£^  .  (Dec)2!  3. 

Ih6  functions  z^   ere  not    in  «$  ;   CpproxlaAto   tboa  by  functions 

yMn«fr«<*    Chntj     rfz^    -v02a3  <  £V/4R2  <     r(z<)2as. 

p  _  j^ 

j?hor.   (j^    rzt*ls)2-(J^     ry<::l3)2  <2  ^  r{3<   .  y.«)xisj     r*<x4j 
<  2(V  *<*   -  y<   )£^V2^  ri.O^^V^  rAs  <  ,R-W  r:c2Js. 


In  so  rt  in  £  wo    .->  t  tc  in 


ff)      jsr^a3  <    jjk  j£    ry   ::is)2  .  £^   ^D:::2  .   ^ 


or 


2&2     <       ^(^n-)£    >       r<X,*) 


I 

This   InoquGlltr    i3   _r:vol   i;r   f.ll   ..:   ir.^.       la  view    rf  LocuB   3.1 
it  bolls  for  all  z  Is    ^9".      i-but  wo   beve  provoS   (WJ   ftsu   establish 
Qricorios  l. 

A.x:lie    ;ic.:;    3_*  i.ioc  1.2.3.      £iio   ferns  2  Ll:    those   osT. .■  1-3 
a«y  ::dv7  be   soon   to   anjoy  prcporty   "5f»  with   rcs.oct    ta    tbo  salt- 
for..:  L  ♦  2,  Baif   therefore,   jpoeaosa  o  posit  ire  discrete   spoetftufc 

7*0  DDto    tbft    tbo   forauit    {*£)    uorivcu   for    tha   pr~  .4   of 
criterion  1   £130   bolls   if  p.11    IntogrctiOSS  Ore   o^JCiilo' .    over     t 
sut  interval    :i      ,5;    6 be    2r.1l  i  l  i  1:3  J  vi  B  <cr     ,    (|t/ rlc  <  *"  Dood 
»ly   bo    sctlsfloJ   for    cbi3   cub -in  torvr.1.     -  «•»  * 

3rit;ri  rr.   &:  I  onjo;c   •ff«   ix   c,/ r->«>  c.  0   3  Dpprosebes    tbe 
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Prorf:      To  £  >G  find   an    limor   sub  interval    i    outside    of  which 

r/q     .  f  •      Ihoii  £.    rAs  <  e£   ,«Ax  <  €  J^    (^  ♦  qx^s. 
.Since  foraula   (*)    of   criterion  2  holds  for   the   sub  into rvol    3     , 
addition  yiolds  (W). 

A   siailar  reasoning  load  3   to 
grico-rior.   3:  Q   enjoys   "7'*   if   at    each   endpoint    0 ichor    (  rds  and 
\|t|rds  Qpo  finite    or    if   there  q/r  «♦<■  « 
A.  plicae  ion    of    Sricerion  /:      gsttipiQ  4. 

Amplication    01    3rltort:n  3:      i3f>u._4a   ->,   trbero   r  =    3,    _  =   s   , 
bonce  <_/r-#**fa   3-^^    ;  p  t  a2,    b  -   -s"1-    C/t/rdc  ■    s   is  finite 

f  or  3    hi  0. 

<v 
?3r    cho  discussion    of  oxanplo  6  v/o   oD serve  first    that   f  or  ::   in  a-- 

::D::s  as  ■  -J       :r3ds  <  0;    honco 

s!  sds.     farther  wo  note   that  a  positive^ can 
0 

to  found    such  that 

)   >    *j°"^-~2   -   *&£  +  I  ::£(sEds. 
Lying  foraula   (W)    of   3. :::. ;_  ± o  o  no    obtain 
-lafts)  <    E*<(*y<st4t)2  *J  <*.*>* 


j 
/ 
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This  formula  e:<presses  that  £  enjoys  property    ,TW_TT  except 
that     jy^xrds  appears  instead  of  y-^x.    As  we   shall    see   in 
the  next   chapter  this  modified    "W"  is  equivalent   to    "W^. 
From  this  thea   it   can  he   deduced  that   the  negative  part  of 
the   spectrum  of  £  is  discrete. 

In  Sxampla    7  Q  posseses  no  discrote    spectrum.   To    show 
this  we   prove   that   Property    "00"  is  not   satisfied*    To   this 
effect  wo  need   only   construct  a  sequence   x°l  s)    such  that 

x^aT— »  a  f  0,   x<r^x<r^  h  +  0,  JJ&—+  0   for  all  y   in  ^  , 

p 
Wo  take  |(  s)    ■   (1   -   s2)        and  set 

x^s)  •C**/ia< •"*•-«)• 

We  then  have  \ 

X^x*"  -     H&)**9  "    j     z2ds  ■   z^z  ^  0. 
x^x0*-     [^[(Dx*7)2   +°°(xC)2j  ds  -7"!q"~2(z,)E+22jds~^Z-22  J6  °- 
To   show  that  y^x  — }  0,   approximate  y   hy  y   in  $    ;   then 

jy^j^^i^^ly-yllll^'il. 

!\y-y||    can  be  made  arbitrarily    small;    ||x|]    is  bounded   and 
yj^s?""  equals  zero  for  sufficiently  large  0"  .    Hence  the    se- 
quence  x0"  violates  (CO). 

Sxamplo.    (x,x)    ■   [xSfc'sJdSj    x§x  ■  [    (    x(  s)k(  s,t  )x(t)  dsdt , 
k(s,t)   »  k(t,s)   >  0  and    continuous. 

Vibrations  of   string  oxtendod   over   3.    Let   p  bo-the  axial 

tension,    r  mass  p.u.l.  ,    q  distributed   spring  constant.- 

k"x  =  A    ,  fJ  circular-  frequency.    Discrete  spectrum  if-total 

mass   -frds  and   its  moment     (j3(rds  finite  or   spring  constant 

q   becomes  infinite.  ' 

Problem.    Prove   that  £  possesses  property    "V". 

iEcamplo   8  .      Buckling  of  a  tapored  column.    S:  0  <  s  <  b.      • 

f*  1,    q  ■  0,    r  -   (SI)"1;    B  modulus  of  elasticity,   I   =  Ibx4b"^ 

moment   of   inertia  of   cross   section.    P-appliod  axial  force. 
P  -    B-value.    Prove  that  here  form  j£  does  net   on^ey    "W". 
Problem:     Investigate  whether  or^not    "W"  holds  for  S:0<s<cP. 

p  and  r  ■   $  behave  like   s^o  ,  s&    or  s0^  ,    3$*    at   s  »  0,   a  m  cP 
respectively. 
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Chapter  IV.   operators.     -  - 

Hilbort  -  space  //of  vcxt9rs  x.    Bound  ad  linear  operator  as- 
signs to  every'  x  a  veccor  Qx  such   that 

Q(*x+^y)  =  oUx+^Qy 
and    chat    there    is  a  number  K-such   thac 

/fox//    <  k/^/  for  a//  x. 
Q    is   sy  metric    if  -  (x,Qy  )=(Qx,y ). 

Bilinear  form  Q_  of   bounded  lonecr    operator  Q  defined  by 
xgy=(x,}y)    -   (Qx,y);    it    is  bounded 

Sboorora  4.1   To   every   bounded  bilinear  form  Q^  chore    is  exactly 
one  bounded  1  in  err  Op  err  tor  Q  such    that 

(1)  x^y  =  x,Qy         holds  and 

(2)  •   xCJy  =  x,z      inplies  z  -  -Qy. 

The  socond  statement  follows  from  the  first  one  by  sotting 
x  ■  z-Qy.  The  proof  is  br.scd  on  a  lemma  concerning  bounded 
linear  forms,    i.e.    forms  Sx  with  properties 

jj>(<}\"+&y)   =</^Sx+  3jg?   and    uhe  re    is  a  number/)  such   that 
|S  *J  <   ^|(x|/-   for  4^.-36  - 

Lemma  4.1  So  every  bounded  linear  form  S  there  is  oxactly 
one  vector  o    in fr such    that 

Hfcr)        Bx  ■    (o,x)      for  a/[  z|    i.e.    every  Ion  oar  form   can  bo 
represented  as  an    inner  product  with  a  fixed  vcxtor. 
The  p. roof    is  based   on    cho  projection    thoorom:   1.    The   space    y 
of    ".,*?!  t      for  which  S't-0   is  closed,    because    t^— s>z    implies 
|5(t6    -z)|      <hf|t6-z|/->D   ,   Sz  =  £(z-tr)-^>0,   Sz»0. 


•,i . . 
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2.    Consider   the    eanpcmcn  C?  ry    spr.co^f1.    If   ^  *  *  <. »tho»T*  ]r 
end    j=0   sftlsxioa  {*).    Ii  ^*  t  Cf'^    la   3pr.nneu  fey    just    one 
voccor   t*;    If    ihrre  Woro    two    inuo pendent   vce.:rs   tj,    t2    in$* 
e  llrofir  coaib  taction   c  ■  <A,  fc?  +  <A„t*  could  bo  found   such  thr.t 
St  ^Stg  +<*23t*  =^j    i.e.    which  would   bo    in    ^.    -Sot   e=<fct* 
whore  (^  is  so   chosen    Chr.t   So  *   (c,e);   nr.moly<*.  *St*M  t *,£*)• 
'ihon    the  projection  of   Gtajf   :c  inco^L*    is   ( o,  o)~x(  q  ,s})o 
"nd   x*(c,e}""1(e,x)o-i't  where    t   is  III     T,   Honco 
Sx  -    (c.c)-1    (o.s)    S3  -   (o,::). 

to  prove    theorem  4.1  wo  observe    thr. :    the   bounded  form 
:rQP    la  f-  bounded  liner r  form   in  y  when  Z   is  considered 
fi.rou.    Hence    there    is   o:;r.ctly    one   vector   z   such    thr.t 
~~Qj/f   "(a,y)j    a  depends  on  Xj  Wo   80t   a='^::.    Vo   hrvc 
f^zU^S8)   $  ■-    (<*1   &•*&&)  ,31    sine,.   Qz   is  uni- 
quely  dou --Tanned  Wa   hrvc  Q(</.i:-:1+^2z2)»o|13;<l+^2'i:;2; 
i.e.    Q   i3  lononr.    Pure  her  wo  hr.T0|Q3,y|  < "S.  jj^jj  0y/|; 
hence  /^f=|^:,^,:|<K//::////Qx//     or     f/fcc //«£/#/  ;    i.o. 
Q    is  bounded.    Thus  Ihoorom  4.1    is  proved. 


:*&*♦  5%j^" 
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As  e   c  3iiso ;{uon go  of  Theorem  4.1  wo   romerk  chat  pro- 
perty   ^^  ensues  from    TiT*1  because  y/Qx  c£n  now 
bo  written   (QyJ.x).    lhat    "7/"  follows  fro.a  »7'*  La  not 
so    immediate;    chose   ^ropcrfclca  '::.',    however,   equivalent 
sine'   both  Pro   equivalent    to    fcho  purely   discrete    s^ocrral 
rcpro  son  to t i  on. 

As  an    Import  est   consequence   of   Theorem  4.1    the  de- 
finition of   B-voctor  and   s-valuo   a§u=  /<(3,u)   can 
bo   roplcoo  by 
Qu  «|f*# 

as  is  soon  from    the   second    statement    in  Theorem  4.1    Ue» 
S-voctors  and   3-valuos   can  bo   characterized  by   an    opera- 


tor -equation. 
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To   rc-To^l    cboar.ctirc   01    ...j   operator  'X  wo    i.:l:c   §a» 
r.aplo  1,   for    :hc    tnc  ^rvri  r.<s<b;   wo    fcf.ke,    Lowovorg    fcba 
fora  L  for  unit -form.    Ibe.i   3  ffomf.tai  bounded   in  i/  is 

or;sily    soon.    (x,;c}»  j  D:x2ds,    :;gx  s  J  x2ds.    TTo    show 

rb 
chr.  c       %x  =    j  k(s,rhc(  fcjdfc  where    tbo   Groon's  fanatics 

k(s,i  )=k(  t,s)    is  given  by 

k(s,t)   •|(Wfl)*1(l).8)(Uo]      for   t<g 

|  (b-c)-l(s-r.)(b-fc)     lor  Ks. 

9 

Proof;  Wo  first   prove    it  for  z  la    ,$.    Wc  br.To 

^  -    (b-r.)-l(b-3)  j  (t-r.)^t)dc   •(o-c)-l  U-   j  T*  i  fc^k*  t  )dt 

O  fee  ■   -:■:.    For  y    in  /t/wo  deduce 

C *  ri      a  rt 

I    ~Drj  3Q;:  d:c  -   -        yI>-Q^ds  =  j  y:;ds       or       y^fcs-y}* 

Ihis  role;  ion    cr.n    lomodlr.toly   to   oxt  ended    to  X  md   y 


m 


J. 


£ 
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Inversion  of   tho   operator  Q«    The   inverse  of    the  operator   Q 
in   >yv    can   bo  defined  as  folic  we.    Lot   Q-&3-     to  the    subspace  of 
ell  vecters  x  in  m%     which  aro   of   the  form  z  =*   qy  where  y   is  in   hr,  , 
The  vector  y-is  uniquely   dote  rained;    for-Qy   ■  0  implies  y  ■  0        0 
sinee   q  is  positive  dofinitor   The  operator  assigning  y  to  x  is 
denoted  "by  M /( y   «  Ms.    This  operator  is  linear   since 
Qfo^y1  +  cltf    )   "   o^x1  +„<Xi3C2   .  implies  M(  c*  jX1*^2)    -  d,Mx1+  tX^Mx2. 

Stateaents  (1)    and  (2)    of  theorem  4.1   can  he  written 

( 1)  zj£Mx  ■  z,x  holds  for  x  in  q/L    ,z   in  & 

(2)  zjy   »   z,x     for  all   z   in  A.  implies  that  x  is  in  Q&        and  Mx»y. 

Whon  we  apply   the  latter  statement  to    E-vectors  tr,  we   see 
thet  the  relation  Qu  ■     f(u  is  equivalent  to 

u  ia  in   Q-&,       and  »"'.'•'. 

Ma  •yk'u     whorSy^^K  is  an  "jj)-valuo  of  the   operator  M"^ 

Wo-turn  now  to  the   case  that    £y     is  the   function  space    l7 
and    ^  tho   operator   connected  with   the  differential   form  £. -Wo 
shall   see  that  tho  inverse  M  is  a  differential   operator.    For  tho 


space   QK       we  then  use    the  notation  J? 


dp 
In  what  follows  wo  assume   that  r  ,e,   p,  -*-     havo   continuous 

Q   Q 

derivatives. -We  introduce  the   space  f     cf  all-      functions  x(  s) 
with   continuous- derivatives       up  to  the  third  order     and  tho   sub- 
space  f1    -ef  those    functions  in  f     that  vanish   identically  in   a 
neighberhood  of  the   end  points,    in  J"'     wo  define  the  differential 
operator 

M  «  ~r~  L^P^-q.]    »     where  the -coincidence  with  the  in- 
verse of   o     is  anticipated  in  the  notation.    Then  Green's  formula 

zjJMx  -   z,x       for  x  in  J^    ,    z  in  v   ' 
holds*      lor  z  in*/     this  reduces  to 


£* 


•DpOx  ♦   qxjds  *      f   |pDz#  Bx  +    qzxlds 

andi3  proved  through   integration  by   par/ts   since  tho  boundary 
terms  vanish;    it  then  extends  to,  s  in  v    \rjJ~*******  •£'•  ) 

The    spacef"'-   is  dense  in  y"      ;   this  follows  from  the   fact 
that  every   function  x(  s)    in  v   and  its  derivative  can  be  uni- 
formly approximated   by   functions  in    C     ;    (prove.1)* 
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Ita  are  now   in  0  ^asiticn  to -prove    tho 
Theorem  4.2        Tho   fern   3   is  Positive  definite,         * 
which  we.3  used    in    (feu  III.    Let   y  he   a-vector   in     /^ 
with  y£y=Q;   then   the  above   Green' 3  formula   gives 
(y,x)=0  for  all  x  Inf   }    since^-is  dense    in  ^  this  holds 
for  all  x  iny#;    in  particular  for  x^y;    i.  o.(y,y)=0  or 
y-0.    Shis  proves  Theorem  4.2. 

iron  Eheproa  4.1   (2)   we   sec  that   z^s^zts.     t 
for  all   z   in  ^  implies  x  -  QHx  or  QLi=l  for  x  in  ^f~. 
This   shows  that  ovory  function  x  in~£is  ^f   tho  form 
x=Hy.    Therefore^   is-a   subspace  of  J\   SQ  /& 
and   tho  differential    operator  1/1  in  ^coincides  with 
tho    invorse   of  Q.  -  ^ 

-     The  nacuro   of  tho    spaced  is  rovor.lod  ty    the 
Thsorom  4.31.    If  x  in^  thon  x  can  be   represented  by  func- 
tion  in  c?C.  ^ 


4.32.    If  x   in£  then   x 
4.33   If   x  in  J?  ,   Ux  in 


;   ipV  ,   Dx  in  a7  ,  Hx   in  <£• 


S  thn   x,    Dx,  Mx,   IMx  in-v, 
M2x   inj^. 
which   could   bo    eontuouod. 

An  3-voctor  u  admits  appli  or.ti  on   of  If   indefinitely 
since  Ma^u,  l&i^/fiu  f . . . .   Hence  u   is  a  function   in   /P 
with  derivative  Du    in  $  while    tho   aec;nd  derivative    is   in  /? 
due   t?-Mu=yai.    fbtl   implies   the    important   result    thfS 
S- vectors  are  functi  :r_ s   in    che    originfl    senao   md   not 
merely    ider.i   vectors.  - 

Tor   tho   proof    of   Theorem  4.31  we -may    assume  Jp*l 
(as   in   Gh.lll).   Fe  first    observe-that   Continuous  functions 
3  which  vanish    in    the  neighborhood    of   tho  end  points  and 
have  piccowisc   continuous  derivatives,   belong  t:^  because 
they    can  bo  approximated  by  functi  :n3   in  j9. 


* 
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Let    3*  be  an    inner  sub  interval    of   3,   lots-'    represent 
pointsUi    3'.Let  /)(s)-be   ■  function  with  continuous 
dorivativoa  of   enj   ordor  which  , equal  3, 1    in  a  neighborhood   of 

3"  and  aquols  zero    in  a  neighborhood   of  the  endp:ints.    Then 

k(s)   i  k(s,s«)   =  iff  a)   |  s-s*/ 

ia-a  function    in  47  of   the   above  cientionned  kind.    Tho   func- 
tion 

j   »  j(s,s«)"-r-1(s)_d£_k{s,sl) 

ds2  -, 

has  then -continuous  derivatives  with   respect  t«?   sl  of  any  /  '  / 

order.    For  x  in^wo   obtain 

(k,x)   »     fpfc  J>x+akxids=J ^/j+r-iqkVxrds+xf  s  ')  ,    or 

A:        x(s '^(k.x^  +  r^q^Qx  ,  whence      - 

|A^  |x(s')|      <dJJkj\    ,  where  ^!  depends  on   $\ 

,Let  now  x   in  ^  be  defined  by   a   cauchy    sequence  x 
in /&  *   She    inoqualicy    |a/    applied   to   x*-x^showi   that      x*  con- 
verges, uniformly    in  evjry    sub  interval    3  *t   end  hence  possesses 
a  c:ntinu:us  li.iic   function   x(  a) .    This  li;iit   functi:n   represents 
tho  voctor  x  because  1.    it    is  evidently    independent   of   the 
defining   Cauchy   sequence,   2.    no   two  vectors  x  possess  the 
same  funct  ion-x(s).    She  latter  atatoueufr   is  equivalent  to 
this:  no  vector  x  ^  0  has  the  limit  "fu.;cti  on  x(s)~0»    This 
follows  from  Theorem  4.2  and    theidontity 
xC£x  =L  r(  a)x2(  s)ds  for-tho  limit  function  x(s)    of  x.    To 
prrve    this   identity,    ch::ose   to  givenfX)  a  e?  such    tart 

x^Qx^fTf^for  T><5\   from  thisjl,  (x*fr)2rd s<£ "whence 

£(«*-*!**■  <lZ   or      |(  J^rxW^-  (£,r(x<*)2ds)'^|  <    |, 

This  holds  for  every    sub  interval   31  ;   hence 
I  (j£  rAa)^  -(x^ax^)'^j<  e.    cm  tho    othor  hand 
J  (xQx)^  -(x^)^|<£;    hence  |  ( j  rx2ds)'/^-(xQx)//v|<  If, 

This  proves   the   identity. 
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Wo  further  observ^   the:   formula  A  and    inequality    |AJ 
remain  valid   for-x  in  /)  .  ' 

In   order  to  prove -4. 32  wo  first  assume   that  y   is  in    /t/, 
£&$»•    *  -  *  wo  derive  from  A  the  formula 

x(s')  =    Ixyrds  -  J<->  B+r-1q.kJ  xrds 
=  V  £ /y -r^qxlrd s-  JL  j  xrd  s. 
This  formula  can  be  differentiated  with  respect   to    s"    and  gives 
3:     Dx(s'  )=  1  f  ?j(  s)    sgn(s*'-s)fV-r-1qxJrds  -  jl  dj     xrds.  ^  r;;~  p 

^=^  J  ds1  ^>   ^ 

from  which  f  ^  -  t%&*"^ 

|3|;    |d(s1)|    <y$'  M' J  |    *    l|    xti)  ,  where  ^'depends  on    3f . 
(Observe   thr.tf  dj    1=  l  /  d2«   /  is    independent      of    s  }. 

•         low  let   x  bo    injp    ;    approximate  y=*Llx  by   functi  :ns  y      in 
ns  ,-thon  x®  =  Qy*^_  approximates  x=Qy.   Upon  applying  IbI   and 
JAJ   to  y^    and  x6^   we  have 

Hence    the    sequence  x^i  s)   possesses  a  diffe  rentable  limit   func- 
tion  x(s)    to  every   subintcrval  and,   t^herfore,    in   g.    lhat    is, 
the  function  x(  s)    representing  x  in^is,  in   &•    Formula  B,  which 
was  derive^  under   the  assumption  Mx  iii/9   then  will -hold   also 
for  x  in  J~ .   This  formula  can  be  differentiated  another  time 
with  roBpoot   to   sr    end  gives 

Oi       D2x(s'  )»    [  ry-qx]  S~'       ,    since  d2j  0;   henco 

r  Us'1)2 

r"     [-D  ^^x  =  y~llx    -    ;    i.e.    x  and    Bx-ere    in^   and  M 
is  tho  differential   operator.    That  proves  Theorem  4.32. 
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jxpploooat   fco  Chapter  17  p£  nad  p, 

Assuai:.    zhc.i   foro  $  passose  c.  psslviYo   discrete    si-ctrua. 
SJjQjcnsicn,   wifcl]  respect    to  ^-v;ct:rs  un    to    Jfr-vr.laoe  kE, 

implies 


A 


»i 


fcra  :i-    Lot   jfc*  I^sl  ^u'\    then  Q:^=  ^=]_   ^  <*ntr 
in  Uew  of  *?Hk»,    3i-co  |/fcto*4z|| '<fc||  %-::||->0 

to  arvo   4riicn^nan — >V^ 

for    x   in  o?>  wo   hr.ve 

pr^f.  Lot  *•  *,    y "'•  ^n^un    t^(AyVj 

then,   from  p  raced  in;;,   s  ■   }y   a  £jj*jir  b*11* 

'  **    *nA"  <n(un-r>^^11.?)-(aa,-v)=(uI1,-)»<A... 
Hsaoo  0^0^+^ 

Bi3cussi:n   of  uiif oroaclr.l    9'por1  corll  for  c^UBploag 

^r.mjlj  l,      0<a<L,    .:=l,q=i,r=l. 

11=   -3£+l, 

3,-oqur.ti:::  D^tn- r^-l)u*0      hfta    aalutlma 

u=c    ato      (Ts+<P)    ,   Whore   ^-=1+T2. 

Per  ,rhich   vr.luoa   :■!  Z  c.i:d   <z;vill  a  bo    in    g'. 
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Lemma  L«    If  z(  s)    in  'V        Is  in    J    then  x(0)   a  x(l)   ■  0. 


Proof  .      For  x(  s)    in  v     we  have    (x(s)|  "  »  j  x(  s   )   ■»■      |      Dxdsj 
(f)      |x(s   )|2  <£|x(sa)|2+   »|»t-t1|  [     DiAs.  *  £ 


» 


Set   8,-0,    js^— s^j    <  1  and   integrate  with  respect  to  s^. 
\x(Q)\  2  <  z(  x2ds  ♦  g|    Dx2ds      or      |x(Q)|  <  ||x||  , 
in  the   same  way,     x(l)   <  |N]»    Application  to  x-x,  where  x  in 
x  in  $C giv os|x( 0 ) j  <| x-xjl    ,     |x(  1 ) |  <  ()  x~xj( * 

Since   llx-x^  can  he  made  arbitrarily    small,   lemma  lis  proved. 
Lemma  £.  if  x(0)   m  x(l)   ■  0  for  x  in  >y     then  x  in  -\J  • 
Proof.    Jrcm  (^)    in  proof   of  lomma  1  for   s,    =£  ,    s<    *  0  and 
fc  •  JUf  t  ■     »  1  Wf  have     fx2(£)   •  xfi(l-  £  )\   <  Z<lC+  (  Dx^ds. 


Now  replace  x(  s)    hy   a  function  x^.(  s)    in    ^T  ohtained  from 

rounding  off  the  function; 

x     (  a)   -  x(  s)  for    £<a<l-C 

-  ( I  E^s-lJxC  i)  for     £/a  <  s  <  £ 

•  (fi£."1(l-s)-l)xil-.£  )    for     l-£<  3  <  1-  £/2 
=   0  for  0  <  s  <    *Vl|  1-  £/£<  s  <  1. 

IhenJ|x-x£|2  <  sK*  f '(Dx2+x2Jds  +    M&f  £2/6)£x2(£)   •  x2(l-t)} 

<  (  6  +  e2/3)  f+  (  [be2+    x2Jds tO  as  £      — 


'O 

1-£     ' 


— }   0. 

Lemmas  1  and   £   show  that   those  and  only   those  functions 
u  »   c   sinCf  3  +  Cp)    are    ^-functions  which  vanish   for  s  =   0, 
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\U  =  S^n*. 
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s  ■  1;    i.o.t   u  (  s)   ■  cn     sin  ntfs  arc   a-funotions,  where   on  is 
determined   such   that     (jtijj     =   3Lj  J^    *  1  +   n  ir2     are  the   3- 
valuos  of  M.    Since    tho  form  _£  of   this  example  possesses  a  posi- 
tive-discret  e  spectrum,    cho  osrpp.nsion   theorems  of   Ch.    Ill  ana 
Ch.    IV   supplement  yield  for  avory   sis)    in   qy    :d  s)   ■  Eo<ncn sin  rats, 

A 

en  a,    if  s:  is  in     -f     , 

Ms  ■  ^n<^nGn   sin  n% ^s,   or 

-jfx  -  £nA2ai    onsln  iA2s. 

fi  -l 

Staple  g«    0  <  a  <1,  p  ■   s,   a  3  u~s     *s,    r  *    s. 

M  -  -s^DsD  *  o^s"*2  +  1.    Tho    j3-og.ua  t  ion 

s^DsDu  -  a^a-^u  +   (  V  -  l)u  ■   0 

has  for   solutions  the  Bcssol  functions  J  (fa),  Y^-'ps)    and 

their  linear  combinations.    Tho   functions  Y     behave  like    s"Q  for 

0 

a/  0,   like  log  s  for  m  =  0;   honoc.    \\  Y  ||     ■  oo .    Thoroforo,   they 
must  bo   discarded.    Tho   argument   of  Lomr.ia  1   (pre coding  example) 


sh 


ows   that  J  (Ts)   is  also  to  ho  discarded  unless  J  (T)   *  0.    i.e., 
a  n 


unless        T=*    T         is  a  root   oi   cho  Bessol   function  J   .   It   then 

oust  ho    shown  that  J   ( T~     s;    is  in^T  ,    j?or   tho   ondpoint  s  ■  1  tho 

m       cm 

argument  of  Lomua  2   is  to  ho   employed.    Fcr  s  ■  0  an  oven  slmplor 
argument   i3  possible  since  J   (  t~s)    bohavos  like   a1"1  for  s  »   0„ 


I  ftc 


The  case  a=0,  howevor,  noeds  a   special   troatnonc. 

tfj  replace  u3J(i(rs)   If 

u^(  a)   ■  u(  s)  for  s>  £ 

=  (l3gi"1)-1(logfc*8s)u(€)  *6*4*feSt 

=0  for  0<3<£2, 

Ehorj      f  sD(u-ti£)2ds  <  2  J"  sJM2as  ♦  2  f  sDa^2i3 
=  2^sDu2<2s  +   (log*-1)"1^^)  —^0   since  u(0)»l. 

r  3(u-u^)2as <2  r su2as*2r  ufc2as  ->o. 

This  ind i o". o e 3  that   i'c    is  ^ossifclo   to  appro  2ci..ia  to  J    (t3)   hv 

functions   in^t/  if  J^fTT)5*©. 

Since    in   chis  enable    chespectrua    is  posit ■  ivo  discrote, 
expansions  wtfcto   ro3pcet   tj   Be  ssel -functions,  arc  established* 

in  §3£qpli   2  wo  hrvo,     «-l<£<Lf   P"(l-s2),   q=r=l. 

Mf»-D(l-s*)D*l;    the    3-valuo   equation   is 

Z)(l-s2)Ja  +   (^-ljuK).    It   ocx  ho   shown  (ef.e.g.    Courant- 
Hilhort  Vol*I   Ch.    V^IO)    thr.fc    cho    solutions  of   this  oquaoion 

aro  either  Logcndro  pjilynoiic.ls  or  behave  like  log(l-s)    fit 

3=1,    or  Ilka  log(l+s)    at    s*l.   Far   tho  latter  functions 

\     (l-s2)Ou2ja  =o»;   honoo   they  arc  occluded.    That   the 
Logondro  polynDalcls  are    in  j& can  to   shown   t$    the    saao 
reasoning   chat  was  applied  t;   tho  Bes^sel  fonofcton  J      in 
cxnoctur.  with  CPjCapla   3.    Tho  logendro  functions  thus  c::i- 
stituto    tho   S-func;  i  on  a*    ftaoo    :h-o  speetruo    is  poelfciTO  dis- 
crete   In  this  or.  so,    OJprmalsn   tho  or  OD  a  r.ro  prof>«<l<! 
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CHAPTER  V.   Spectral  Resolution  of  Operators . 

'p/y.       Hilbert  space,  Q  bounded  symmetric  Linear  operator. 
jQxfj  <  kj  xf|  ,    (x,Qy)  =  (Qx  ,y), 

We  are  seeking  a  generalization  of  the  concept  of  E-vector. 
Such  a  generalization  is  that  of  E-vectors  belonging  to  an  E~interval 
Let  /^  Y   be  a  ^-interval ,  we  consider  intervals  with  •••.nd  without 
end  points,  also  a  single  point  is  an  interval. 

In  case  the  discrete  spectrum  is  complete,  we  say,  the  E-3pnc<. 
U&y      to  the  E-interval  /j\(   is  the  subspace  spanned  by  the  E-vectoi's 
to  £-value  j^in  D^;      E  vectors  to  £".){   are  vectors  inA'/p?.-.   We 
observe  that  &*CnJfc£#yi.t  /Lk  .  /\;,;.c  is  void.   Further  (u,Qu)(u,u) 
is  inA  ^  for  u  in  /\/£u      Our    aim  is  to  obtain  a  characterisation 
of  E-spacts  /Vyfo-wit-hout  reference  to  E-values.   This  can  he  done 
by  mtians  of  the  concept  of  functions  of  au  operator. 


First  the  operator  e,n  can  be  formed  from  Q  ,  n=0,i,,?., 

Furtntr,  if  p(/()  is  a  polynomial  p(/<)=a+a.  a^  ...  +an*",  we  cm 
define  p(Q) =  a+a. Q+  ...+an^n.   We  shall  see  that  such  functions  of 
the  operator  y  can  also  be  defined  for  larger  classes  of  functions 
f(*). 

I  n  case  uii,  complete  sjbCLfum  is  ook;.)1l  Ll-  ,  t  b ...  d  e  f  i  n  i  t  i  on  c  f 
f(Q)  can  be  based  on  the  spectral  representation;  x=5  ,    un   md 
Wx  =^a*n*snun .   We  see  immediately  that  for  polynomial  p(A;),  wt 
nave  p(f.)x  =-2np(<n)/»nun.    Hence  we  may  define  for  any  bounded 
function  f(A):   f(Q)x  »2nfUn>nOn. 


7-2  3P 

Wq  hr.vo  a  mapping  of    the  funcc  i:ns  £()&)    to 
operators,    retaining  Ell  funcci  and   relations;    in  par- 
ticular 

i.e.    multiplier.  tion   corresponds   to  successive  appliea  ti  on. 

Consider   the  funcc  ion  f*(ft)=i  for   K  *  K*   ,  ■  °  f-r     K^  K»j 
then     f«(Q)x  -  X^  .  fe^o*"   ;    l«0<    f*(Q):c  is    the  pro* 


>n 


joetion   si  Z   into    the    £-sut  space      Z?     to.    \ct    ?.-«v-voc.  tors  t»   '"if- 


K*   thus  can  ho  cha.ract  -riz   J  r.s   thfi  vectors  of    t 


no 


form  f,(Q)-. 

Lot    ^\<  1)0  r.n  ji»incGrT£lj    consider   the  funcc  ion 

f  A  (  K) -1    la    ZJ K  ,*0    ou  t s i: r .    Then  f  &('})  2?*^   ^  ^V1" ; 
i.o.    f  A  (^)z  is  tho  projection  of  X  into   tho    B-suh spree 
LSh      to  /lx      ,   end   tho  vectors  in  Ahazn  ho   charac- 
terized r.s   thoso   of    tho   form  f/j('>)x» 

By    "spectral  resolution'*  wo  ma  can  from  now   on;   to 
obtain   those   oportttors  fJ^), 

It  wCfl  the    Important   iisoovory  of  jP.   Hiosa  that  for 
any   symmetric  hounded    operator  Q,   <".  definition  of  f(3) 
can  ho   given  without   reference   to    spectral   roprosontr  t  i  .i;, 
end  £Lct   a    spectral   rosolu.irn  can  fee    obtained  from   tho  a  j 

re  cor  funcc  tima 
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in  whet  follows  functions  f(K)    r;ro    sappoaaci,    t:   ho 
defined    in  /^;|  <  k  end  ell   strfcocients  refer   t  -    thla   in- 
ocrvcd.   Lot  f(Jti    raproaent  fuaotl.na  of  f    clr.ss   c  ntc ining 
sum  end  product.   TTg   sty,    tho  linger  symmetric    sporttor 
f  (  })    is  •properly"  dof  iae4  for   thla  eleaa    if    the-  foil  owing 
s  c  e  c  em  on  c  s  1;  0  1^  • 

A     If      f(K)»  f1(K)  +  fg(K)    ebon  f(^)=f1ifo)  +  fE(7) 

3     If     f(K)-*i(fO'f2(K)    then  f(ri=fi(^)*f£(  J) 
whore    in    thu  lest  f irmule    the   •    represents  successive 
application. 

C     If     fx(^)>  f2(K)      then  (^,f1('j)x)   >  (x,*8($)x). 
lor  the   clC3s   3f  polyn  miels  p(A;)    the   ^pcrr.f-jr  $(%) 
was  define  J;    p(Q)    is  obviously  linear  (l&d    symmetric. 
TTO    bCl  TO 

Theorem  5.1     Iho  definition    of    the    oparr.trrra  p(  j)    f  :r  polys  oar  tola 
p(  })    is  proper. 

Prr.pertios  A,E  ere    :hi  us.    It    is  property    C    :n  which   tho    tho:ry 
3f    ?•  Riosz   is  0830i;fciCllj    beacU*    I1:-   prove    C  wo    rofer  t:   e 
purolj   nlgolreic 

Lona£_5.1      If   the  polynzmiel   p(H()>b  for  1^1  <k,    it    can  to  written 
re   tho    3ua   of   polyncailftla  of    tho  form  gdOj2{k)   wboro   j(<)    is 


» r*      tl 
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any  polynomial  and   g(\\ )    is  either  1,    or  k-^  ,   or  k+kf  ,   or  k2-  fc"2. 

Proof:   Problem. 

From  this  lemma  we  derive  property    0  for  polynomials 
p(|^)    immediately.    3ince  P-.(  IG-PoM    is  a  Polynomial  it  is 

sufficient  to   assume  P]_(  (0   =  p()()  *  PjlO    *  c»    We   sot   iU)^7' 
Then       1.    (x,j2(  q)z]   =  y,y)>  0 

2.  (xf(k+Q)j2(Q)?)   =   (y,(k+Q)y)   •  k(y,y)  +  .(y,qy)>  0 

because  of  |  y  ,Qy|  <||  y  j|  ||^||    <^|y||2. 

3.  (x,(k2-Q2)j2(Q)2)    »  k2(y,y)    -   l*,*)    >  0. 
Hence,    in  view  of    the  leama,   p(  (^)    >  C   implies  (x,p(Q)x)   £  0 
and   theorem  5.1  is  proved. 

Now  let   f(K)   be  a  continuous  function  (for  JK\<k). 
Approximate  it,  according  to  Weierstrass,    by   s   sequence   of 
polynomials  pn(j(),  uniformly    (in(k|<k).    Set  p^^Hp^lO-P^' ) . 
To  every  £>C   there  is  I  K|]    such   that    [p^JOlf:  £UE^kj<k). 
Hence  p ^ (\() <£ 2 ,   and,    in  view  of   0,    L-^Pj^  Q)x)   <  £°(x,x)   or 

||PmnU)X|l<^m| 

Consequently,   the  vectors  p  (  Q)x-form  for  every  x  e- Cauchy  se- 
quence  and,    since   the   space  is  complete,    converge  to   a  limit 
vector,  which  we  denote  by    f(  q)x. 

That   f (  o)   is  independent  of   the   cheico  ef  the   approximating 

CllCU 


polynomials  folloivs  frc.i  the   fact  that   for  two    sequences 

^   (1)  (g) 

-na       ,  pn  ,    ono  has 


(1) 


i|^n(1,(^)-Pn(2^)H|     S**    ^U,(|().PBU)(KJ|N»^0* 


■»1   »f  :.,■   atHrtL 


#♦«} 
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One    3.j;w5  or.aily    cbr.fc  f  ( ))x  tlopccua  liiierrly    ?£  XJ 

i.o.    tb«t  f(9j    is  r   linerr   oporr.tor,    did  el3e    tttr.c   f(Q)    is 

synaotrio,    sinco    the    atao  holds  fjf   tho  f.pproxinf. ting  polynia ir.ls. 

Further 

Thooroa  5.2  The  operators  f{$)  for  continuous  f  (/<}  ere  praporly 

1  of  ine  1. 

She   properties  A  cnl   Q  follow   L.inieJietely   froa    the 
corresponding  properties  for  P  (Q). 

However,   Wo  v/r.nt    to  define    operators  f(Qj    also   for   functions 
f(K)   which  r.ro   only   pieeowiso   continuous.    Whet  mo   rof.lly   need 
is   that   i()c)    is  bor.ndoa  cni    can  fee  appyoxlactod  by   a  non- 
decreasing   sequence    of    con  t  inuous  functions, i.  o. 

fl^K)   <  f2(K)   < 5>    f(K)   <  I  *    cor.st; 

wo   call    such  functions  lower   scai-coi:  c  inuous.    iPro;vi    theorem   5.  EC 
we  have      (x.f-^^x)   <  (x,f2(Q):c)   <....    <F   (xfx). 
Tho   lr.ttor   sequence,    therefore,    converges    to  r.  linit   value;    hence 
0  <  (z,fr<m(Q)x)  — t»0  for  a  >n  -— =>e».    on  applying     tho    Schwarz 
inequality   to   the  non-nogr.fclvo  fora  f^CQ),  wo  obtain 

<(x,W?)x>    ft^x)      __^0    , 

since     fanS(<)    <4^<)    <?2* 
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Honoc  fn(-^)2:   is  E    (Jr.uch;;    sociuen.o   cm}    converges    t  :■     f.linlt 
function  which  v/o   denote  fey   f(  }>:£;    f($)x  depends     linearly    on 
X  end  oi}3  proves  or.  ally 

gheorca  5.3     She    operators  f (  }}   fcro  properly  defined   f 3f  lower- 
sou  i-  continuous  f(/<)* 

Svidontly  ii"))    is  r.lsD  ^roporly   defined  for  d  if foroncos 
of  lowcr-soui-c  ontinuou3  functions,    and   that    is   the   class  of 
functions  we  wont.    For  C  funeti  3B    chr. t    is  1    Is  Z\  K  ,    0  outside 
is   such  a   alfforonce. 

Hence    to   oroiy    tatcrWl    4  K  t»    :;;or-:    or  fA(})=  AP 
is  defined.    It  has    Sbo   loll  owing  jro^-orcies: 

if       £K»'    dfl,/f ♦/liKt'^E    £1^  Zi^?  =  zip, 
/I  K«  Zi,  K    .  /J^  tnoa    ^P    ^  jp  =A  jf. 

Bill   iaplies    in  irrciculrr:    If     ^  £•&){  is  void ,    then 

A;I   /1LP  -0;    further      (AP)2  -  £r. 

If  ?i  <  f^/<)   <  F2     iirKin    A<     thor. 

?i  <  (f  ( ik*x,x)Yua%;to  <  ?2. 

This  h-lds  in  pr.po  ioular  far  f  (K)*  K   tni  gives 
(QaPx,3)/(aPx,^)    is    in    /[  k* 

go  and  or  8  t£&d    the    significance   of   those  properties  wo    introduce 

the    spr.co   ^£  of  en  a    si    too  fori  u=  A  P:c.    Since  f  *2=  f^ 
wo  hfiro  £\P2=/iP, 


.""- 


.   '.-■ 
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(A£y.  (i-ap)x)  ■  (y,(AP  -AP2)*)  -  o;  i.e. 

( l-^P)xJ_& /*.   Hence  x  can  be   split  up  into 
x  »/\Px  +   (1  ~A?)X,  where    APx  is  in  Am,     and 
(1  -&P)xXAm,»    ^is  shows: 
Ihe   operator    Ap  is  the  projection   into  A 

Let  the   interval    jH  <  k  be   split   into  a  sum  of  intervals 
A    K     without  common  points;   then  we  have 

which  means   that  every  vector  x  can  be   split  up^nto     §   sum  of 
B-vectors 

Let     JC,   be  any  value   of    K     in  fVi(   •    2?hen  the  operator 
2 jJ^J\*P     is  approximately  Q  and 
J?    jjlOOA^P     is  approximately   f(  a)   for  continuous  f.    Bis 
sums  on   the  left   hand   side   really    converge   to    q  or  f(  q)   respective- 
ly if  the   subdivision  is  refined. 


Consider  two    subdivisions  Awand  LS^  .    Th^  in  view  of  1,    and 


"7" 


2., 
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where    £  ■  max  \fik    )   -  *(K*  )     *or  *11   mfY     such  that     l\     % 
snd  &     )<     have  a  common  point;    end     c-    oan  he  made  arbitrarily 
small. 

It  is  natural  to  express  those   facts  symbolically   by 

(dP  =  1 


(K  dP  ■  Q 

J 


f(K)dP  »  f (  q)  ,  (containing  the  preceding 

ones), 

which  gives  a  pleasant  form  of   the   spectral  resolution.    In  case 

of  a   complete  discrete   spectrum  these  integrals  dogonerate   into 

sums* 

Wo  ere  now  called  to  exemplify    the   preceding  results 

with   at   least  one    example.    Take    the   space  <£      of  functions 

x(K)   defined  in  3,   introduce  8  unit-form 

(x,x)   =       fx2(K)r(K)d/<    , 

^S  „  „ 

and  ©lose  it  off  to  a    sp^cc<£,      .    la    <jC     introduce    the  operator 

Qx(K)   -     Kx(K). 
Q  is  bounded   if    S  is  hounded,   which  wo   shall  assume  although 
that  is  not  essential.    Then  £,      con  he     extended  to    J^,    ,    The 
functions  x(K)   in  what  follows  are  assumed   to   be   in  <£l    •    The 


%3»l 


MH 
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results  then  extend  immediately  to   x(  10   in  <C     • 
For  polynomials  p(  10  Wo   a&ve 

p(q)*(K)  •  p(O^Kr). 

For  continuous  functions  f(K)  wopavo 

f(Q)x(K)   =   f(K)xlK). 
For    tho  functions  I L(  <)  •  1     in   AkT   »     =  °  outside,   wo  havo 
fA(Q)x(|0  =   fJK)2e()<),  which  function  may   he  only  piocowiso 
continuous  and   belongs   to  <£      es  such.   Honco  the  projection 
f*(  Q)  ■    AE  is  this:   from  xfg]    it   cuts  off   tho  part   outsido     A  k>  • 
■Tho    S-functions  of    the   interval  A  Kf.re    tho  functions  vanishing 
outside  /A  K. 

The   above  example  permits  various  generalizations.    Instead 
of  r(K)dK    we  introduce  ft  non-decreasing  function    p  (  K)    end   replace 
r(K)dkby  M  ;    U  e.  ,  we   sot 
(x,x)  ■    f^lOMKk 
Wo  then  oven  admit  discontinuous  functions    p  (  K) .    What  this 
implies  may   he   seen  in  the    caso  that  P(K)    is  piecowise  constant 

ith  jumps  dj?(     ,    dj?i     ,...      at    K-  |^,    K2,...      • 
Wo  havo  then 

a 


w 


(*.«*)  =  l^K^v^. 
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5?hat  is,  we  com.3  back  toVthe  ceso  of  a  pure  point   spectrum. 

If   p()0   has  discontinuities  but   is  not  constant  in  bo- 
twoon  wo  have  »  combination  of   continuous  find  point   spectrum. 

Wo  may  generalize   in  the  following  way.   Wo  consider  as 
clement     of  the  Hilbort  space   n   system  of  functions 
x  =  f  s_  (  K") ,   z„(  !<),...    ?,   and   take  for  unit  form 

(s,z)  *  f  xj^tK)^  (k)  •  f-22(/o<yt  (K)  + 


•  •  •        • 


In  on 


Qx  ■    pCa^  I K) ,  KX(  Kl ,. . .    j        and 

(x,  qx)   *    rkx12(K)dlC+   ...      • 


It  can  bo  shown  that    the  let  tor  is  the  more  general  case  in 
the  following   sense; 

The  Hilbert   spree   can  bo    represented  by    eho   space  of   systems 
of  functions  fxj  fC)      such  that   Qx  is  represented  by    tax  (\^)l 
and     (x,x)   -  ^        f zJ(K)d?^,(|(].      Ihis   statement  implies  the 
general  theory   of   spectral  representation. 

It  is  not  difficult   to    indicate  how  this  representation     can 
be   achieved.    Take  any   vector  x,    and  all  vectors  £■,(  Q)2bJ    close 
this  sub  space  off  to  a   space     hy.  ;  Wj    set 
(Uj  IK]   ■   (x-l,  AP^j_)  W4  find 
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(x,x)  -  %jJL\*  Ajx^         Gnd 

(f^  q)zlt   fx(  Q^J  -  lim  ^/(^U^y?^) 

which   can  bo   shown  to   load    to 

Honco   for  every   Z  in     "y\*    roProscntod  by    f,(K),  we  hcvo 

(x,x)  =  jf^dCJd^JtK). 
Wo  now  take  tho   space    ..orpendicular  to      r*y  ,  poroforoi  the 
3ame   operation  end  obtain  a   3paco       A^»    Continuing,   wo 
obtr.in  a   soquonoo  of  spaces       IL .  ,      £■«•••*      which    span  tho 
whole   dpr.ee      ]h  ,   as  can  be    shown   (if    flr.    has  countable  dimension), 
Since  every  x  in    m    can  be   split   into  x  =  x_    +  x     +   ..#, 
with   Xj_  in      &   j  ,   x 2  in      A,  p  r-nd   so  on,    this  leads  to  tho  above 
spectral  representation  with 


■t 
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